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1 Introduction 



We use certain connections between pseudoconvexity and harmonic function theory to ob- 
tain topological constraints on both a Kahler manifold and its boundary, if the boundary 
is weakly pseudoconvex. A boundary component L C dK of a complex manifold (X, J) is 
pseudoconvex (or weakly pseudoconvex) if is has a plurisuperharmonic defining function, 
meaning a differentiable defining function / with ^/—Iddf > 0, and is strongly pseudocon- 
vex if \/~lddf > 0. We consider aspects of both the real and complex geometry of K, so 
it will be convenient to use — ^dJdf = \/—ldd(p for functions (p. 

A Green's function on a complete manifold will mean any function G defined on the 
compliment of a point x so that AG = —Sx in the distributional sense. A complete man- 
ifold is called non-parabolic if it admits a Green's function that is bounded on one side, 
and parabolic otherwise. This definition applies to manifolds-with-boundary, assuming the 
boundary is compact, by requiring, for instance, Neumann boundary conditions; therefore 
ends of manifolds (connected unbounded domains with compact boundary) may themselves 
be referred to as parabolic or non-parabolic. It is known that a complete manifold with one 
non-parabolic end is non-parabolic. 

The theory of non-parabolic ends can be applied to Kahler manifolds-with-boundary 
assuming the pseudoconvexity of its boundary: the Kahler metric on a neighborhood L/ of a 
pseudoconvex boundary component can be extended to make a complete end, by choosing 
an appropriate potential function. Any such metric is non-parabolic in a strong sense; in 
the terminology of Section [21 an end formed this way is distinguishable. 

Positive, bounded, non-constant harmonic functions exist on Riemannian manifolds 
with at least two non-parabolic ends (eg. il2j), so after extending the pseudoconvex 
boundaries of K we obtain bounded, non-constant harmonic functions. A simple argument 
shows that an harmonic function h obtained in this way is actually pluriharmonic, meaning 
ddh = 0. A particular consequence is that all boundary components have a defining func- 
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tion with zero Levi form. In addition, dh clearly carries non-zero Dolbeault cohomology in 
H^-^{K). Less trivially, we assert that Jdh carries non-trivial de Rham cohomology. 

Throughout, we shall make the following assumption about our manifolds: 

(-ft'™, J, wq) is a Kahler manifold- with-boundary of complex dimension m, with 
n many non-parabolic ends (possibly n = or oo). If {Li]\^i are its boundary 
, , components (possibly I = cx)), then each Lj is compact, smooth, and has a defining 
function fi defined in a neighborhood Ui of Li so that \/—lddfi > on [7^. We 
require the Ui be disjoint, and that a constant e > exist so that each fi satisfies 
\dfi\ > e, and so that Ui contains an e-tubular neighborhood around Li. 

In short, our manifolds are weakly pseudoconvex, with compact boundary components, 
and, when there are infinitely many boundary componenets, a uniformity property on the 
gradients of the defining functions and and on the sizes of their domains of definition. Our 
main results are that the topology of K, the topology of the Li, and the CR structure of 
the Li have some constraints. Our main technical result is the following: 

Proposition 1.1 (c/. Proposition [274]) Assume {K,J,ujo) satisfies (*) and I + n > 2. 

Then for each i < I, a non-constant pluriharmonic function hi : K [0, 1] exists with 
hi = I on Li and hi — on Lj for j ^ i. 

A real-valued function / is called pluriharmonic if ddf — 0. This depends on the complex 
structure only. It is noteworthy that a pluriharmonic function is harmonic with respect to 
any compatible Kahler metric. The existence of these hi can be used to prove that some co- 
homology classes are non-trivial. Let bP''^{K) — dime H^'g{K) and bP{K) — dim^Hf)j^{K) 
be the dimensions of the respective Dolbeault and de Rham groups. 

Theorem 1.2 (cf. Theorem 13. 5p Assume {K,J,ujo) satisfies (*) and that I > 1. Then 
b^'°{K) >l- \ and h^{K) >l-l. If in addition n>l, then b^'°{K) > I and b^{K) > I. 

Theorem 1.3 (cf. Theorem 13. 6p Assume {K,J,u!o) satisfies {*) and I > 1. Ifl + n>2, 
then each pseudoconvex boundary component Li has b^(Li) > 1, and has a pluriharmonic 
defining function. 

In the case of complex dimension 1, Theorem 11.31 is obvious and Theorem 11.21 is not 
much more difiicult. Of course if K is any complex 1-manifold with non-trivial boundary 
then H^'^{K) ^ 0, since any non-constant harmonic function h provides a representative 
(namely dK) of a non-trivial iJ^'" class. Less trivially. Theorem 1 1 . 2 1 savs dxmLV-(K) > / — 1, 
although in dimension 1 this can be proved with a relative homology sequence. 

Nevertheless it is instructive to see how the proofs of Theorems 11.21 and 11.31 work in 
dimension 1, as the general case is no more difficult once Proposition [TTT] is accepted. Let K 
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be a compact, complex 1-manifold with smooth boundary components {Li}\^^ (these are 
automatically pseudoconvex) . Let hi be the harmonic function with hi — I on Li and hi = 
on Lj when j ^ i. In the 1-dimensional case we have 2y/—lddf = A/ for functions /, so 
harmonic functions are pluriharmonic. Since also —dJdf = 2^/—lddf, each of the 1-forms 
Jdhi represents a class in H^{K). 

To prove that this class is non-trivial, assume on the contrary that a function fi exists 
with — Jdhi = dfi. A computation shows that the function Zi = hi + \f—\]i is holomorphic, 
and sends K to the strip {0 < Reizi) < 1} C C- The boundary of K is mapped to 
the union of lines {i?e(zi) = 0} U {i?e(zj) — 1}, and by the open mapping theorem the 
image of Zi has no other boundary. However Zi has no poles (as dhi and therefore dzi are 
bounded), so the image of Zi in C is compact, has non-empty interior, and has boundary 
in {Re(zi) = 0} U {Re(zi) = 1}. This is an impossibility, so therefore 7^ [Jdhi\ G H^{K). 
For Theorem II. 3[ simply note that by restricting Jdhi to a collar neighborhood of Li and 
applying the same argument, we obtain a non- trivial class in ff^([0,e] x L,) w H^{L,). 

We present a few corollaries of our main theorems. 

Corollary 1.4 Assume {K,J,ujo) satisfies (*) and has one boundary component L with 
b^{L) — 0. Then L is the only boundary component of K , all ends of {K, J, wq) are parabolic, 
and b^{K) = 0. // {K, J, wq) has no parabolic ends, then b^™^^^{K) — Q. If K has complex 
dimension 2 and no parabolic ends, then x{K) > 1. 

Pf If a non-parabolic end exists or if another pseudconvex boundary component exists. 
Theorem 11.31 implies 6^(i) > 0, a contradiction. If b^{I'i) ^ 0, we can pass to the universal 
cover K oi K, with the lifted Kahler structure {J,Zjq). It is easily seen that K continues 
to satisfy (*). Since t^i{L) is finite, each component of the pre-image of L is compact. 
Therefore the pre-image of L has infinitely many components, each of which is compact. 
Letting L C dK be one of these components. Theorem 11.31 applied to K implies that 
b^{L) > 0, again an impossibility, proving that b^{K) = 0. 

Finally assume K has no parabolic ends; then K has no ends. Poincare duality gives 
H^{K) w H^'^'^{K,L) and H^"'-^{L) w H\L) = {0}, so the relative homology sequence 
gives H^"'-^{K,L) w H^"^-^{K). Therefore P'^'^^iK) = b"^'"^-^ {K , L) = b^{K) = 0. In the 
2-dimensional case this means b^{K) — b^{K) = 0, so 

X{K) = 1 - b\K) + b\K) - b^K) 
= 1 + b'iK) > 1. 

□ 

An end of a Riemannian manifold is called asymptotically locally Euclidean (ALE) if 
it is diffeomorphic to a quotient of r'^ \ 5(1) by a finite subgroup of 0{k) (or of C/(fc/2) in 
the Kahler case), and so that | Rm | = o{r~'^) where r is the distance to some fixed point. 
Theorem 11.31 can be used to show that a Kahler manifold of complex dimensional at least 
2 (whether it is of finite type or not) that has an ALE end has only one ALE end. We 
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point out that this is also implied by the statement of Theorem 4.2 of [T^], and, assuming 
K has finite type, by the theorems of Kohn-Rossi |9| and Kohn '7^ that are discussed in the 
remarks below. 

Corollary 1.5 Assume {K,J,ujo) has complex dimension at least 2, satisfies {*), and has 
an ALE end. Then every other end of K is parabolic, and H^{K) — 0. If K has no 
parabolic ends, then H"^^{K) — 0. If K has no parabolic ends and complex dimension 2, 
then x{K) > 1- 

Pf We can assume K' <Z K \s an ALE end so that the boundary of K\K' is diffeomor- 
phic to a quotient of an (n — l)-sphere and is geometrically locally convex, and therefore 
pseudoconvex. Corollary 11.41 applied to K\K' then provides the conclusion. □ 

Remark. The effect of boundary pseudo convexity on cohomology groups has been 
studied extensively. Hilbert space methods were developed in Kohn [7] [8], Andreotti- 
Vesentini [1], and Hormander [4] for the purpose of solving 9-Neumann problems and non- 
homogeneous 9-problems. One result was a proof that the pseudo convexity of subdomains 
of C" or of Stein manifolds gives rise to strong cohomological vanishing theorems. In addi- 
tion, a Hodge decomposition on compact complex manifolds- with-boundary holds in a given 
bidegree, provided the boundary satisfies a certain pseudoconvexity condition (which in any 
bidegree is implied by strong pseudoconvexity; see [9]). That is, if A is the 9-Laplacian, 
there is a compact operator G so that 



where /\^''' is the space of C°° forms of the indicated bidegree, and W''^ is the space of 
harmonic (p, (7)-forms. 

The hypotheses of the present theorems differ from those in [7] , [8] , and [9] in that we 
require just non- negativity of eigenvalues of the Levi form instead of positivity, and we do 
not require that the closure of the manifold be compact, although we require the manifold 
be Kahler rather than Hermitian. 

Remark. Among other uses, Kohn-Rossi [5] used the Hodge decomposition [3] to solve 
a number of boundary value problems, one of which was the following: if if is a compact 
complex manifold whose boundary satisfies an appropriate convexity condition (the Levi 
form has everywhere one positive or n negative eigenvalues), if / is a function on dK that 
satisfies a certain compatibility condition (namely that dbf = 0, where db is the restriction 
of the (^-operator to the boundary), and if / is orthogonal to the restriction of to the 

boundary, then / is the restriction to dK of a holomorphic function F on K . As a corollary, 
they proved that a compact Hermitian manifold, all of whose boundary components are 
strictly pseudoconvex, actually has a connected boundary. 

To see this with the Kohn-Rossi method, first note that strict pseudoconvexity implies 
j£n,n-i fjj^j^g dimensional, by the previous remark. The existence of a single non-constant 
holomorphic function on A is implied by Theorem 9.1 of [7] (see also [3]). By taking powers 
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of this function, we see that the vector space of holomorphic functions in infinite dimensional. 
Consider the subspace {A*}^o spanned by powers of A. To any bounded function F = CiA^ , 
construct the the function g : dM — C by multiplying F\qm by different constants on each 
component of dM . By the finite-dimensionality of 7^"^"~^, we can choose the c; so that 
g is orthogonal to the restriction of to dM . Since also dbg = 0, we can extend 

g to a holomorphic function G oxi K. Then G/F will be a meromorphic function that is 
locally constant on the boundary, and therefore constant by unique continuation. This is 
impossible unless the boundary is connected. 

Organization. In section[2]we review the material on harmonic function theory used in 
the proof of Proposition ll.il Our main concern is with exactly how harmonic functions with 
2-sided bounds are constructed — the method is termed compact exhaustion and appears for 
instance in [11] and [H]. We also introduce the useful notion of distinguishability, which 
is a strengthened form of non-parabolicity. We conclude with an example showing that 
distinguishability is strictly stronger than non-parabolicity. Section |3] contains the proofs of 
Proposition 11.11 and of Theorems 11.21 and 11.31 

Acknowledgements. The author would like to thank Xiuxiong Chen and Claude 
LeBrun for several useful conversations, and Charles Epstein for making him aware of the 
results of Kohn- Rossi [9]. Special thanks go to New York University's Courant Institute, 
which provided working space for the author during the writing of this paper, and to the 
National Science Foundatior0 for the grant DMS-0635607002 that provided support. 

2 Parabolic and non-parabolic ends of Riemannian man- 
ifolds 

The literature on harmonic function theory on complete manifolds is very large. Here we 
review some well-known results that will be useful later, and introduce the notion of the 
distinguishability of an end, which means, roughly speaking, that the end can be separated 
from the rest of the manifold by a bounded harmonic function. We show that this no- 
tion is strictly stronger than non-parabolicity. In this section we are concerned only with 
Riemannian, not Kahler, structures. 

A function : — > R is called a Green's function at the point x if AQ,^ — ~6x in the 
sense of distributions. A complete manifold is called parabolic if it admits no positive Green's 
function, and non-parabolic otherwise. These definitions are equally good on manifolds with 
compact boundary, with Green's functions made to satisfy Neumann conditions on boundary 
components. With c„_i the area of the unit {n — l)-sphere, the Green's functions (at the 

^Any opinions, findings and conclusions or recommendations in this material are those of the author(s) 
and do not necessarily reflect the view of the National Science Foundation 
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origin) of the fiat manifolds R" are 



( 



-:^\og\x-y\ 

(n-2)c„_i 1^ ~ y\ 



if n^2 



(3) 



Therefore M" is parabolic when n = 2 and non-parabolic when n > 2. 

Related to parabolicity is the notion of capacity. Given any set D, G AI with compact 
closure, we define its capacity Cap(r2) to be an infimum of Dirichlet integrals: 



where the infimum is over all ip e C^'^(A/) with ip > 1 on fl. Assuming 51 is a smooth 
domain and Cap(ri) > 0, the infimum is obtained by a Lipschitz function tp with <y9 = 1 on 
fi, A(p = outside fl, and — >■ along some (but not necessarily every) sequence of points 
that diverges to infinity. If Cap(f2) = 0, a minimizing sequence will converge to a constant 
function. The connection between capacity and parabolicity is the following proposition, 
which can be found for instance in [5], and also follows from (2) of Proposition 1.2 in 

Proposition 2.1 A Riemannian manifold {M,g) is non-parabolic if and only if it has a 
sub- domain with compact closure and positive capacity. 



A geometric phenomenon totally absent on M", n ^ 1, is the possibility of separating 
unbounded sets with domains of compact closure. If fi is a domain with pre-compact 
boundary, we call any unbounded component of il/ \ 17 an end of AI with respect to Q. We 
shall refer to a connected, unbounded subset M' as an end if dM' is compact, and usually 
leave the domain implicit. With this terminology, any open, complete manifold is an 
end, and it is possible that and end may have two or more non-intersecting subsets that are 
themselves distinct ends. This terminology is therefore somewhat imprecise, but is sufficient 
for our purposes. 

Capacity, and therefore parabolicity and non-parabolicity, can be understood to be a 
property of an end. If M' is an end with non-empty boundary, we define its capacity to be 



where the infimum is taken over C'^'^{M') functions ip of compact support with p — 1 
on dM'. If dAI' is smooth and Cap(M') > 0, the capacity is realized by some harmonic 
C^{M') function p> with = 1 on the boundary. We call end end AI' non-parabolic if 
Cap(M') > 0, and parabolic if Cap(M') — 0. Clearly a manifold is non-parabolic if it 
has one non-parabolic end. There is also the the following alternative characterization (c/. 
Proposition 1.2 of [T3]). 




(4) 



□ 



Cap(M') 




(5) 
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Lemma 2.2 An end M' of M is non-parabolic if and only if a superharmonic function f 
exists on M' with infgM' / > and / — >■ along some sequence of points that diverges to 
infinity. 

Pf The proof here is similar to that in [T3] ; we go through it because some details will be 
used later. First assume the stated function / exists. After multiplying by (inf^M' f)~^ we 
can assume / > 1 on dM'. Let ipi be a minimizing sequence for ([5]). A simple argument 
(which we omit) states that we can replace ipi by min{l,(^i} to obtain a function with 
smaller Dirichlet integral, and that we can replace tpi with a harmonic function with the 
same boundary values, and also obtain a function with strictly smaller Dirichlet integral. 
Therefore we assume the (pi are harmonic, have compact support, satisfy = 1 on dM', 
and that fli = supp ipi is an exhaustion of M' by compact sets. Since / is superharmonic 
and f > on each dfli, we have fi < f- Since < < 1, a subsequence will converge 
to a harmonic function ip, and we retain f > ip. The Dirichlet integrals J \ 'Vipi\'^ decrease 
monotonically and converge to J |V(pp, so that ip is non-constant and has a finite (but 
non-zero) Dirichlet integral. 

Conversely, assume M' is non-parabolic. We may assume M' has a smooth boundary, 
as shrinking M' increases its capacity. Letting fti be a compact exhaustion of M' so that 
dM' C dili, let (pi be harmonic functions with ipi = 1 on dM' and 1^9^ = on dfli \ dM'. 
We have J^^, = /^^, iVy^ip > Cap(M') > 0, and (essentially by the Hopf lemma) that 
/|Viy9ip decreases monotonically. Defining (p = lim^ 1^9^ we have |V(y9p > Ca.p{M'), so 
that if is non-constant, harmonic, and bounded above by 1. By these properties and because 
ip = 1 on dM' , ip obtains a strict minimum at infinity. We wish to prove inf a// (p = 0. Setting 
e — inf ip, then ip — is a harmonic function equal to 1 on the boundary, and — > along 
some subsequence that diverges to 00. Using ip as a barrier and following the argument of 
the previous paragraph, we have that actually ip — lim^ ipi < ip, which means inf ip — 0. □ 

We shall call an end M' distinguishable if a positive harmonic function ip exists on M' 
with p — 1 on dM' and 1^9 — )• along every sequence of points in M' that diverges to 00. 
The following lemma is essentially obvious. 

Lemma 2.3 An end M' of a manifold is distinguishable if and only if there is a positive 
superharmonic function f : M' — > M with infgM' / > and so that / — )■ along every 
sequence of points in M' that diverges to infinity. 

Pf This follows after the constructing a harmonic function p as in Lemma 12.21 by noting 
that (after possibly multiplying / by a constant), we have f > p > 0. □ 

The importance of distinguishability comes from the following lemma, which states 
that, on a manifold- with-boundary with compact boundary, distinguishable ends can be 
separated from the rest of the manifold with harmonic functions, provided at least one other 
non-parabolic end exists. The first assertion in the following proposition is well known (eg. 
[13]). The second assertion is new. 
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Proposition 2.4 (Separation of distinguishable ends) Assume {M, g) is a smooth Rie- 
mannian manifold-with-boundary, with smooth boundary. If M has at least two non-parabolic 
ends, then there exists a non-constant harmonic function ip : M M. with < 1^9 < 1. If, in 
addition, M' is a distinguishable non-parabolic end, a number 6' > can be chosen so that 
if 5 (0, S') and Vis = {(p > 1 — S} , we have that Vis C M' and that M' \ 57^ has compact 
closure. 

Pf The method for proving the first assertion is compact exhaustion. Namely let /', /" be 
the superharmonic barrier functions on the non-parabolic ends M', M", respectively, that 
are guaranteed by Lemma [^?^ or l2.3l Let Mi be an exhaustion of M by smooth, pre-compact 
domains, each of which separates M' and M". If dAI is non-empty, assume dM C Mi. Let 
(fi : M^^R be the harmonic function with pi = 1 on {dM.inM')\dM, (p^ = on dMi\M', 
and ipi satisfies von Neumann conditions on dM. Set ip = lim^ pi. Since Pi > 1 — f on M' 
and Pi < f" on M" , the same holds for (p; therefore p> is not constant. 

We can prove that on M \ M' , p is bounded strictly below 1, unless possibly M' is 
the only non-parabolic end. By the maximum principle we have supj^j^^j/ pi = supg]^, pi. 
Taking i — > 00, the same holds for p. On the other hand, p < 1 so the strong maximum 
principle implies that either = 1 or else 1^9 < 1 on iiT. By the compactness of dM' , we 
have either 1^9 = 1 on if or else supj^^^^^, p = supg^^, < I ~ S for all sufficiently small S. 

Finally, assume M' is distinguished. We can assume the upper barrier /' satisfies 
f'{xi) \ along any sequence Xi in M' that diverges to infinity. Now choose the Mi so that 
/' < 2-* on M' n M,; clearly M \ Mi is compact. Since v? > 1 - /' > 1 - 2"^ on M' n M,, 
we can choosing a large enough i so that 1 — 2~* > supgj^^/ p). Putting 5 = 2^*, the set 
fia = > 1 — (5} is therefore a subset of M' . Clearly M' \ Q,s is compact as Mi C il^ C Mj 
(strict inclusion) when 2^^ < 5 < 2"'. □ 

We close this section with an example of an end that is non-parabolic but not distin- 
guishable. Let be a flat metric gp and let be with a hyperbolic metric gn- Then 
is parabolic with Green's function given by ([3]) and is non-parabolic with Green's 



function Qx{y) = ^ log ( fpipj j , where r — d\si{x,y). Let Xi (resp. yi) be a sequence of 



points in (resp. H^) with Xi ^ 00 (resp. yi — ^ 00), and attach E'^ to by removing 
small baUs Bx^{S^/2) from E^ and By^{5i/2) from if {6i is a sequence of positive numbers) , 
and gluing the ends of a cylinder to each pair of corresponding boundary components. Label 
this manifold (A/, g), where g is chosen so the metrics on E^ \ IJi {Si) and \ IJi ^Vi (^i) 
are unchanged. 

The resulting manifold {M, g) clearly has a single end. That M is non-parabolic follows, 
for instance, from Theorem 2.1 of |5] with p — 2, after noting that the metric on the 
hyperbolic part of M makes the volume growth of balls exponential. 

Let Be he the unit ball about the origin on the Euclidean part of M (we assume this 
does not intersect any of the Bx^iSi)), and let M' = M\Be be the end with respect to Be. 
We will construct a family of lower barrier functions F,, with the property that any positive 
harmonic function p on AI with p)>l on Be has p > when rj < rjo, and then we shall 
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show that a limiting function F = Hm,,/i,,j, F^i exists and that i^^ is asymptotically nonzero 
along some diverging sequences. 

Consider the following family of functions defined a.e. on E^: 

i 

F,{x) = 1 - 7?log(|x|) + ^Calog(|a;-Xa|). (6) 

a=l 

If the Co converge to zero fast enough (say Ca — a^^ and Xa has coordinates (a, 0)), then the 
sum converges. Note that AF^ is zero aside from a delta function of weight —77 at the origin 
and delta functions of decreasing but positive weights at the Xi. Let Djj = {F,^ > 0} \ Be- 
This set is pre-compact when rj > rjo = '^i- We can prove that whenever ?/ > 770, we have 
ip > -^Fri on Drij where C = 1 + '^i log(l + 1x^1). To see this, first note that reaches 
its maximum on OBe when rj > r]o, and is bounded by C there; therefore -F,, is bounded 
from above by C when rj > rjQ. If we assume 

< exp(-C/c.O, (7) 

it follows that F^ < on Bxi{5i)- Thus F^ < C^p on i9F>^, so also F^ < Cp on D,, as 
desired. Since F^ converges pointwise to F^,,, we have F^^ < Cp. But it is easily checked 
that F,j(j is asymptotically unity along most divergent sequences. Therefore it is impossible 
that if is asymptotically 0. 



3 Pluriharmonic functions on Kahler manifolds with 
pseudoconvex boundary 

It is known that a Kahler metric near a pseudoconvex boundary component can be made 
complete by the choice of an appropriate potential function — in fact this is a defining feature; 
see p[ni. Let / be a positive defining function for the pseudoconvex boundary component 
L <Z K . If : M+ is a twice-differentiable function then 

dJdpif) = p"{J)df A Jdf + p'if) dJdf 

Note that df A Jdf is always non-positive and that since / is pseudoconcave, dJdf is non- 
negative. Thus the form 

uj = ujo + dJdifiif) (8) 

is positive if if" < and ip' > 0. If ip' approaches infinity sufficiently quickly as i — > 0, the 
corresponding metric is complete. One obvious choice is p{t) — \og{t); this gives a complete 
manifold with constant negative bisectional curvature at infinity. Another possibility is 
p{t) — —t^^/a for a > 0; in this case the bisectional curvature decays to zero like 0{r~^), 
where r is the w-distance from a fixed point. 
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Lemma 3.1 Assume {K,J,loq) satisfies (*) of the introduction. Then a positive smooth 
function f : K ^ W exists so that f is non-strictly plurisuperharmonic, and agrees with fi 
on a neighborhood of Li. Further, for a > 0, the (1, l)-form 

oj = --dJdf-" + ojo (9) 
a 

is a Kdhler form whose associated metric is complete near any boundary component Li 
(when a — Q, we take lo — — dJdlog / + ljq). 

Pf Setting fi=oo where it was otherwise undefined, by (*) there is a number 6 so that 

/ = M{SJ,,...Ji} 

is Lipschitz (even if / = oo). When f < S then / is smooth and dJdf > 0. Now we can 
smooth / in any way that leaves it unaffected on a neighborhood of each Li by replacing / 
by a function tp{f). We let ^ be a smooth increasing function with = t when t < S/A, 
iP{t) = 35/8 when t > S/2, and ■tp'^t) < 8/d when -5 < t < -S/2, then ip{f) is smooth, 
(non-strictly) plurisuperharmonic, and agrees with each fi on some neighborhood of Li, as 
desired. 

Finally we show the resulting manifold is complete. Choose s,5so0<s<5<(5/2, 
and let 7(i) be a path in {s < f < S} from a point in {/ = 5} to a point in {/ = s}. We 
have 

ItP = w(7, J7) 

= -(1 + a)/-2-"(d/ A Jd/)(7, J7) + /-i-"(dJd/)(7, Jl) + ^0(7, ^7) 
We can assume / o 7 is and decreasing, so the length of 7 is estimated from below by 

/ i7i dt > r ^ dt ^ (.-f - ) . 

J a Jf^g dt a ' 

If a = the appropriate expression with logarithms is obvious. When a > 0, the length of 
7 therefore grows unboundedly as its terminal point approaches dK at s = 0. □ 

A real- valued function h is called pluriharmonic when ^J—lddh = 0. This depends 
only on the complex structure, so, notably, a pluriharmonic function is harmonic with 
respect to any compatible Kahler metric. In this section we show that the existence of 
more than one pseudoconvex boundary component on (K,J,ujq) allows the construction of 
pluriharmonic functions. We shall be careful to observe the distinction between the original 
metric go — ujo{- , J ■) , and a choice of a complete metric g = uj{-,J-) given by Lemma l3. II 

Any end that comes from a pseudoconvex boundary component is distinguishable. To 
see this, note that fi > in [/; and fi\Q along any sequence in Ui that diverges in the 
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g-metric, and that since both dJdfi and uj are positive we have 

A,/. = '-^^ < (10) 

so that fi is superharmonic. Thus the end is distinguishable by Lemma 12.31 

Proposition 3.2 Assume (if, J, Wq) satisfies (*) of the introduction. There exists a positive 
pluriharmonic function hi on {K, J, wq) with hi = 1 on Li and hi = on Lj when j ^ i. In 
particular, dJdhi — d*Jdhi = 0. 

Pf For each i let Vi be a neighborhood of Li so that Vi does not intersect any boundary 
component of K besides Li. By Propositions 13.11 and 12.41 a harmonic function hi exists 
on {K, J, Lu) that limits to 1 along any divergent sequence in Vi and limits to along any 
unbounded sequence in Vj for all j ^ i. 

We first prove the Dirichlet integral of hi is finite. To see this, recall how the hi are 
constructed: hi — limfl_j.oo hi,R where hi^n is the harmonic function on the large ball Bp{R) 
with h,^R = 1 on d{Bp{R) n V) and h,^R = on d{Bp{R) \ V,). Then 



JK J K\Vi JVi 



Kr^tt- ~ (l-/i^,i^) HI (11) 



dv, 9n Jgy^ ' dn 

dv. dn 

where n is the outward pointing normal of Vi. Since dVi is compact and since dhi n/dh is 
uniformly bounded by the Cheng- Yau gradient estimate [2], the Dirichlet integral / |V/ii__Rp 
is uniformly bounded. Since hi^R — > /li as i? oo in (at least) the sense, we have that 
/ |Vft.ip is finite by Fatou's lemma. 

Let (•, •) denote the L^ inner product on a Riemannian manifold. If rj is any p-form 
and if is a function, a computation gives 

\(pdr,\^ + \ipd*r]\^ = {ip^7],Ar^)-2{dipA7j,^dr]) + 2{id^r^,ipd*r^). (12) 

If rj is harmonic, then by replacing ip by ip'^ and using a Holder inequality we easily conclude 

\pdTjf + \pd*Tjf < 4\dipATjf + 4|zd^77|'. (13) 

It follows that if 77 is also bounded (or square-integrable, or increases like o(r^)), then 
drj = d*ri = (compare with [lOj, Lemma 3.1). This is proved, in the usual way, by 
letting ifik be a cutoff function with (pk = 1 in Bp{2^), (pk = outside Bp{2'^^^), and with 
\d(pk\ < 2^*^+^, and then sending fc — cx). 
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Finally let 77 = Jdhi. Above we proved that l??!^ = |rf/izp is integrable. In addition, we 
have AJdhi — JAdhi = 0. This is due to the Kiihler condition, and can be seen from the 
Bochner formula on 1-forms: 

A = -Ag + Ric (14) 

(where Ag is the rough Laplacian), by noting that both Ag and Ric commute with J. 
Therefore we have proven that dJdhi — d* Jdhi —Q. □ 

Lemma 3.3 A function hi constructed above is non-constant provided that {K,J,ujq) has 
more than one pseudoconvex boundary component, or has one pseudoconvex boundary com- 
ponent and at least one non-parabolic end. 

Pf Obvious by construction. □ 

Proposition 3.4 If the original manifold [K, J,Ll!q) has only parabolic ends or has no ends, 
then — J2i Jdhi. If (K, J, wq) has a non-parabolic end, there are no relations among the 
Jdhi. 

Pf Let c = (ci, . . . , c;) and consider the function he = J2\=i ^i^i {K,go). Since he is 
harmonic and takes the value Ci on Li, it cannot be constant unless all the Ci are equal. If 
there is a non-parabolic end M' on the original manifold, a function ip' on M' exists with 
— >■ along some subsequence of points in M', and (by construction) we have he < dp' 
where C = ^Cil supg^,// 9?', so he also converges to along some sequence. If all the ends of 
(K, J, wq) are parabolic, then he is constant when all the Ci are equal. This can be seen by 
noting that (K,gQ) is parabolic, so IJ^ Li has zero capacity, which implies that the function 
he, being 1 on IJ^ Li = dK, must have zero Dirichlet integral. □ 

Theorem 3.5 // he = Cihi is not constant and takes its maximum on dK , then Jdhe 
represents a non-trivial class in H]jj^{K). 

Pf Recall that hi (if non-constant) distinguishes the boundary component Li in the sense 
that given any neighborhood Ui of Li, a number 5 > Q exists so that {hi > 1 — (5} is a 
neighborhood of Li contained in Ui. Since he obtains its maximum on those Li for which 
Ci = supj{cj}, which we can take to be 1, by Proposition 12.41 there is a number S so that 
some component of {/ic > 1 — <5} is a pre-compact neighborhood that is bounded away from 
all other boundary components of K. 

For convenience, give the function he the name x. For an argument by contradiction, 
suppose X is exact, meaning a function y : if — ^ R exists with dy — —Jdx. Setting 
z — X -\- \/— 1 y and recalling that on functions we have i9 = ^ (c? -I- \/—lJd^, a computation 
gives 9z = 0, so z : i^T — > C is holomorphic. Let F be a pre-compact component of 
{x > 1 — 6} C K. The image of V under z lies in the strip {1 — S < x < 1} C C- 
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By the open mapping theorem, the boundary of the image hes in the union of the hues 
{x = 1 ~ S}U {x = 1}, meaning the image of {x > 1 — S} G C under z is relatively open in 
{1 — ^ < X < 1} C C- By continuity the image is also closed, so the image oi {x > 1 — 6} C K 
is precisely {1 — S < x < 1} C C- However, this implies that z has a pole on the interior of 
K, an impossibility since both x and y are of class C^. □ 

Proof of Theorein\1.2\ By Theorem 13.51 there is a linear map from the Hilbert space 
V generated by {hi, . . . ,hi} to H]-,j^{K). liV^ {0}, then Proposition 13.41 states that the 
kernel is 1-dimensional if K has no non-parabolic ends, and zero-dimensional if there is at 
least one non-parabolic end. □ 

Theorem 3.6 If hi is not constant, then b^{Li) > 1. 

Pf Since Vohi, the gradient of hi in the wo-metric, is non-zero near Li by the Hopf 
Lemma, the isotopy lemma guarantees a 5i so that Vi — {hi > 1 — Si} is diffeomorphic to 
Li X (1 — i5i, 1). Thus Vi and Li have the same de Rham cohomology. The proof that Jdhi 
represents a nontrivial class in H]~ijj^{Vi) is identical to the proof in Theorem 13.51 □ 

Proof of Theorein\1.3\ A condition that hi be non-constant, from Proposition 13.41 is 
that Z > 1 and Z -I- n > 2. □ 
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